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A COMBINATORIAL SMOOTHNESS CRITERION FOR
SPHERICAL VARIETIES
GIULIANO GAGLIARDI
Abstract. We suggest a combinatorial criterion for the smoothness of an
arbitrary spherical variety using the classification of multiplicity-free spaces,
generalizing an earlier result of Camus for spherical varieties of type A.
1. Introduction
A closed subgroup H of a connected reductive complex algebraic group G is
called spherical if G/H contains an open B-orbit where B ⊆ G is a Borel subgroup.
In this case, G/H is called a spherical homogeneous space. A G-equivariant open
embedding G/H ↪→ X into a normal irreducible G-variety X is called a spherical
embedding, and X is called a spherical variety. A spherical embedding G/H ↪→ X
(or the spherical variety X) is called simple if X contains exactly one closed G-orbit.
Spherical varieties can be classified combinatorially, where the two required steps
are the classification of spherical subgroups H ⊆ G for fixed G and the classification
of spherical embeddings G/H ↪→ X for fixed G/H.
The historically earlier and easier of the two steps is the classification of spherical
embeddings of a fixed spherical homogeneous space G/H. This is done using the
Luna-Vust theory (see [LV83, Kno91]).
We denote byM⊆ X(B) the weight lattice of B-semi-invariants in the function
field C(G/H), by N := Hom(M,Z) the dual lattice together with the natural
pairing 〈·, ·〉 : N ×M→ Z, and define NQ := N ⊗Z Q. We denote by D the set of
B-invariant prime divisors in G/H. The elements of D are called the colors of G/H.
To each D ∈ D we associate the element ρ(D) ∈ N defined by 〈ρ(D), χ〉 := νD(fχ)
for χ ∈ M where νD is the discrete valuation on C(G/H) induced by the prime
divisor D and fχ ∈ C(G/H) is a B-semi-invariant rational function of weight χ
(and uniquely determined up to a constant factor). We denote by V the set of
G-invariant discrete valuations on C(G/H). The assignment ι : V → NQ defined
by 〈ι(ν), χ〉 := ν(fχ) is injective, hence V ⊆ NQ may be regarded as a subset. It is
known that the set V is a cosimplicial cone (see [Bri90]) called the valuation cone of
G/H.
A colored cone is a pair (C,F) such that F ⊆ D and C ⊆ NQ is a convex cone
generated by ρ(F) and finitely many elements of V satisfying C◦ ∩ V 6= ∅ where
C◦ denotes the relative interior of C. A colored cone is called strictly convex if C
is strictly convex and 0 /∈ ρ(F). According to the Luna-Vust theory, there is a
bijection between strictly convex colored cones and isomorphism classes of simple
spherical embeddings of G/H.
As the purpose of this paper is to obtain a combinatorial criterion for the
smoothness of an arbitrary spherical variety and any spherical embedding admits an
open cover by simple embeddings, we may restrict our attention to the simple case.
Let G/H ↪→ X be a simple spherical embedding corresponding to the colored
cone (C,F). It is known that the variety X is locally factorial if and only if C is
spanned by a part of a Z-basis of N containing ρ(F) and ρ|F is injective (see [Bri,
5.1]). If F = ∅ (in this case X is called toroidal), then X is smooth if and only if
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2 GIULIANO GAGLIARDI
it is locally factorial. In general, however, the information (C,F) alone does not
suffice to determine the smoothness of X, so that we have to take into account the
homogeneous space G/H as well.
This leads us to consider the classification of spherical subgroups of a fixed
connected reductive complex algebraic group G. We give an overview over the
approach proposed by Luna in [Lun01]. Fix a Borel subgroup B ⊆ G and a maximal
torus T ⊆ B, let R be the corresponding root system of G, and let S ⊆ R be the
set of simple roots corresponding to B. Let H ⊆ G be a spherical subgroup. As
the valuation cone V is cosimplicial, there exists a uniquely determined linearly
independent set Σ ⊆ M of primitive elements such that V is the intersection of
the half-spaces {u ∈ NQ : 〈u, γ〉 ≤ 0} for γ ∈ Σ. The elements of Σ are called the
spherical roots of G/H. We also associate to each D ∈ D the subset ς(D) ⊆ S of
simple roots α such that Pα ·D 6= D where Pα ⊆ G denotes the minimal parabolic
subgroup corresponding to α ∈ S. We regard D as a purely combinatorial object
by treating it as a finite set equipped with the two functions ρ : D → N and
ς : D → P(S).
For any simple root α ∈ S we define D(α) := {D ∈ D : α ∈ ς(D)}, i.e. the set
of colors moved by Pα, and define Sp := {α ∈ S : D(α) = ∅}. Then the parabolic
subgroup PSp ⊆ G corresponding to Sp ⊆ S is the stabilizer of the open B-orbit.
We say that a color D ∈ D(α) is of type a if α ∈ Σ, of type 2a if 2α ∈ Σ, and of type
b otherwise. The type of a color D is independent of the simple root α such that
D ∈ D(α), and we obtain a disjoint union D = Da ∪ D2a ∪ Db. We now consider
the assignment
H 7→ S := (M,Σ, Sp,Da)
sending a spherical subgroup H ⊆ G to the indicated quadruple S where Da is now
treated as a finite set equipped with the function ρ|Da : Da → N , i.e. the information
ς|Da : Da → P(S) is discarded. A quadruple S which lies in the image of the above
assignment is called a homogeneous spherical datum (see [Tim11, Definition 30.21]).
Whenever we haveM = spanZΣ, we may omit the first element of the quadruple
and call (Σ, Sp,Da) a spherical system. The above assignment is injective up to
conjugation of H (see [Los09]). A more difficult problem is to describe explicitly
which quadruples are homogeneous spherical data. Luna gave a conjectural list of
axioms and proved his conjecture for spherical varieties of type A, i.e. where every
connected component of the root system of G is of type A. There are now two
proposed solutions for the general case (see [CF14, BP14]).
Summarizing, a simple spherical G-variety X is determined by the homogeneous
spherical datum S of its open G-orbit and its colored cone (C,F). The purpose of
this paper is to obtain a smoothness criterion in terms of these data.
For spherical embeddings of G/U where U ⊆ G is a maximal unipotent subgroup
there is a smoothness criterion due to Pauer (see [Pau83, 3.5]), which has been gen-
eralized to arbitrary horospherical varieties by Pasquier (see [Pas08, Théorème 2.6])
and Timashev (see [Tim11, Theorem 28.10]). A combinatorial smoothness crite-
rion for spherical varieties of type A has been obtained by Camus (see [Cam01,
Théorème 6.3.A]). There is also a smoothness criterion for arbitrary spherical vari-
eties due to Brion (see [Bri91, 4.2]) and a classification of smooth affine spherical
varieties due to Knop and Van Steirteghem (see [KVS06]). Finally, there is a
new conjectural smoothness criterion for arbitrary spherical varieties by Batyrev
and Moreau (see [BM13, Theorem 5.3]), which they have proven for horospherical
varieties.
Our result is a generalization of the combinatorial smoothness criterion due to
Camus, where multiplicity-free spaces play an important role. A multiplicity-free
space is a vector space with linear G-action which is also a spherical G-variety. It
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follows from the étale slice theorem of Luna (see [Lun73]) that a smooth affine
spherical G-variety X containing a fixed point x is equivariantly isomorphic to the
multiplicity-free space V := Tx(X). Multiplicity-free spaces have been classified by
Benson and Ratcliff (see [BR96]) as well as Leahy (see [Lea98]) with special cases
previously considered in [Kac80] and [Bri85]. A convenient list with additional data
can be found in [Kno98].
We have to turn our attention to some more points concerning the combinatorial
classification of spherical subgroups. Let H ⊆ G be a spherical subgroup correspond-
ing to the homogeneous spherical datum S := (M,Σ, Sp,Da). The equivariant
automorphism group of G/H can be identified with NG(H)/H, hence NG(H) acts
on D. The subgroup H of NG(H) which stabilizes D is called the spherical closure
of H. The homogeneous spherical datum S corresponding to H can be obtained as
follows: We denote by Σ the set obtained from Σ by replacing every γ ∈ Σ by 2γ if
possible and leaving γ unchanged otherwise such that S := (spanZ Σ,Σ, Sp,Da) re-
mains a homogeneous spherical datum. A homogeneous spherical datum S (resp. a
spherical subgroup H ⊆ G) is called spherically closed if S = S (resp. H = H).
In this paper (except briefly in Section 2), only spherically closed homogeneous
spherical data will be considered as spherical systems. For such a spherical system we
have Σ ⊆ spanN S, and the spherical system does not depend on the reductive group
G, but only on its root system R. If S1 := (Σ1, Sp1 ,Da1) and S2 := (Σ2, Sp2 ,Da2) are
spherical systems for root systems R1 and R2 respectively, we define the product
S1 ×S2 := (Σ1 ∪ Σ2, Sp1 ∪ Sp2 ,Da1 ∪ Da2)
with 〈ρ(Da1),Σ2〉 = {0} and 〈ρ(Da2),Σ1〉 = {0}, which is a spherical system for
the root system R1 × R2. Then S1 and S2 are called components of S1 × S2,
and spherical systems which cannot be written as a nontrivial product are called
indecomposable. From this we obtain the notion of the decomposition of S into
indecomposable components.
We now consider multiplicity-free spaces V with acting group G := Gss × (C∗)k
where Gss is a semisimple simply-connected group, V = V1 ⊕ · · · ⊕ Vk is the
decomposition into irreducible G-modules, and the i-th C∗-factor acts naturally on
Vi. Such a multiplicity-free space is called indecomposable if it cannot be written
as G′ ×G′′ × (C∗)k acting on V ′ ⊕ V ′′ where G′ acts on V ′, G′′ acts on V ′′, either
G′ is nontrivial or V ′ is nonzero, and either G′′ is nontrivial or V ′′ is nonzero. We
write SV for the homogeneous spherical datum of the open G-orbit in V .
Definition 1.1. We define L to be the list of spherical systems SV where V is
a nonzero indecomposable multiplicity-free space as above (with Gss nontrivial).
Moreover, we say that a spherical root γ of an entry in the list L corresponding to V
is marked if there exists a G-invariant prime divisor W ⊆ V such that 〈νW , γ〉 = −1
where νW is the G-invariant discrete valuation induced by the prime divisor W .
The localization of the homogeneous spherical datum S := (M,Σ, Sp,Da) at a
subset S∗ ⊆ S is defined as S∗ := (M,Σ∗, Sp∗ ,Da∗) where
Σ∗ := Σ ∩ spanQ S∗,
Sp∗ := Sp ∩ S∗,
Da∗ := {D ∈ Da : ς(D) ∩ S∗ 6= ∅}.
Then S∗ is a homogeneous spherical datum for the reductive group L where LnPu
is the Levi decomposition of the parabolic subgroup PS∗ ⊆ G corresponding to
S∗ ⊆ S.
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In the statement of the following Theorem 1.2, we set
SF := {α ∈ S : D(α) ⊆ F} = S \
⋃
D/∈F
ς(D)
for F ⊆ D, we denote by C(1) the finite set of extremal rays in the cone C, and
we write D (resp. D∗) for the abstract set of colors determined by S (resp. S∗)
together with the associated map ρ : D → N (resp. ρ∗ : D∗ → N ).
Theorem 1.2. Let G/H be a spherical homogeneous space with corresponding
homogeneous spherical datum S and let G/H ↪→ X be a simple spherical embedding
with corresponding colored cone (C,F). We denote by S∗ be the localization of S
at SF . Then X is smooth if and only if the following conditions are satisfied:
(1) The cone C is spanned by a part of a Z-basis of N containing ρ(F) and ρ|F
is injective.
(2) Every indecomposable component of S∗ which contains a color appears in
the list L.
(3) Let γ1, . . . , γr be the spherical roots of S∗ which correspond to the marked
spherical roots in the list L. We denote by U ⊆ N the set of primitive
generators of the rays in the set C(1) \ Q≥0ρ∗(D∗). There exist pairwise
distinct elements u1, . . . , ur ∈ U such that for every 1 ≤ i ≤ r we have
〈ui, γi〉 = −1 and 〈u, γi〉 = 0 for u ∈ U \ {ui}. If γ is any other spherical
root, we have 〈u, γ〉 = 0 for every u ∈ U .
The remaining sections of this paper are organized as follows. The list L is given
explicitly in Section 2, and the proof of Theorem 1.2 is given in Section 3.
2. Luna diagrams of indecomposable multiplicity-free spaces
Let G/H be a spherical homogeneous space with corresponding homogeneous
spherical datum (spanZΣ,Σ, Sp,Da), i. e. with corresponding spherical system
(Σ, Sp,Da). If the center of G acts trivially on G/H (which is, for instance, always
the case when H ⊆ G is spherically closed), we have Σ ⊆ spanN S, and we may in
fact replace G with any other reductive group having the same root system R as G.
By extending the Dynkin diagram of R with information from the spherical
system (Σ, Sp,Da), we obtain its so-called Luna diagram, from which the spherical
system may be recovered. We recall from [BL11, 1.2.4] how this is done.
We begin by drawing the Dynkin diagram of the root system R. Then we
represent the spherical roots in Σ as indicated in Table 1. We continue by adding
a non-shadowed circle around each vertex corresponding to a simple root not in
Sp which does not yet have any circle around, above, or below itself. It now only
remains to represent the set Da. For this, we set Da(α) = {D ∈ Da : 〈ρ(D), α〉 = 1}
for α ∈ Σ ∩ S. The set Da(α) always contains exactly two elements, i.e. Da(α) =
{D+α , D−α } where we identify D+α with the circle above and D−α with the circle below
the vertex corresponding to the simple root α. We join by a line those circles
corresponding to the same element in Da. It is always possible to choose D+α and
D−α such that 〈ρ(D+α ), γ〉 ∈ {1, 0,−1} for every γ ∈ Σ. Then, if γ ∈ Σ is a spherical
root not orthogonal to α and 〈ρ(D+α ), γ〉 = −1, we add an arrow starting from the
circle corresponding to D+α pointing towards γ. This completes the Luna diagram.
At the end of this section, we provide the Luna diagrams for every entry in the list
L up to automorphisms of the root system. The spherical roots which are marked
have been marked with the symbol γ in the diagrams. The diagrams have been
computed from the information given in [Kno98]. In the following Example 2.1, we
illustrate how this is done for the diagrams (13) and (14) in the list.
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diagram spherical rootqee α1qe 2α1q qe e α1 + α′1q q q qe epppppppppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppppp pp pp pp pp pp pp pp pp pp pp pp pp pp pp ppp pppppp α1 + · · ·+ αneppp p pp p p pp p pp p p pp p pp pq q q α1 + 2α2 + α3q q q q qppppp ppppeppp p pp p p pp p pp p p pp p pp p α1 + · · ·+ αnq q q q qppppp ppppeppp p pp p p pp p pp p p pp p pp p2 2α1 + · · ·+ 2αnq q qppppp pppp eppp p pp p p pp p pp p p pp p pp p α1 + 2α2 + 3α3q q q q q qpppppppppeppp p pp p p pp p pp p p pp p pp p α1+2α2+· · ·+2αn−1+αneppp p pp p p pp p pp p p pp p pp pq q q q q
q
 
@
2α1 + · · ·+ 2αn−2 + αn−1 + αnq q q qppppp pppp eppp p pp p p pp p pp p p pp p pp p α1 + 2α2 + 3α3 + 2α4q qppppppppp eppp p pp p p pp p pp p p pp p pp pe α1 + α2q qpppppppppeppp p pp p p pp p pp p p pp p pp p 2α1 + α2q qpppppppppeppp p pp p p pp p pp p p pp p pp p2 4α1 + 2α2
Table 1.
Example 2.1. Consider the entry “Sp4(C)×GLn(C) on C4 ⊗ Cn with 4 ≤ n” in
the list of [Kno98]. The required information are the lines
“Basic weights: ω1 + ω′1, ω2 + ω′2, ω′2, ω1 + ω′3, ω2 + ω′1 + ω′3, ω′4”
and
“Simple reflections of WV : sε1−ε2 , s2ε2 , s′ε1−ε2 , s
′
ε2−ε3 , s
′
ε3−ε4”.
In [Kno98], the fundamental weights of Sp4 in Bourbaki numbering are denoted by
ωk, and the highest weight of GLn acting on Λk(Cn) is denoted by ω′k. Moreover,
the simple reflections in the Weyl group of Sp4 (resp. of GLn) are denoted by sα
(resp. by s′α) where α is a simple root given in the usual Bourbaki εi-basis.
In this paper, we replace Sp4×GLn acting on C4⊗Cn with G := SLn×Sp4×C∗
acting on V := Cn ⊗ C4. If we write ωk (resp. ω′k) for the fundamental weights of
SLn (resp. of Sp4), αk (resp. α′k) for the corresponding simple roots, and ε for the
standard character of C∗, we obtain the correspondence of notation in Table 2.
We begin by drawing the Dynkin diagram of the root system An−1 × C2. The
“simple reflections of WV ” correspond to the spherical roots. According to Table 1,
we put circles above and below the vertices corresponding to α1, α2, α3, α′1, α′2.
The “basic weights” χ1, . . . , χ6 correspond to the B-invariant prime divisors
D1, . . . , D6 in V , where the prime divisor Di is G-invariant if and only if χi is a
character of G. Hence the prime divisor D6 is G-invariant for n = 4, and it is (the
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this paper [Kno98]
χ1 := ω1 + ω′1 + ε ω1 + ω′1
χ2 := ω2 + ω′2 + 2ε ω2 + ω′2
χ3 := ω2 + 2ε ω′2
χ4 := ω3 + ω′1 + 3ε ω1 + ω′3
χ5 := ω1 + ω3 + ω′2 + 4ε ω2 + ω′1 + ω′3
χ6 := ω4 + 4ε (with ω4 := 0 for n = 4) ω′4
α1 ε1 − ε2
α2 ε2 − ε3
α3 ε3 − ε4
α′1 ε1 − ε2
α′2 2ε2
Table 2.
closure of) a color otherwise. We have (see, for instance, [Tim11, Lemma 30.24])
Sp = {α ∈ S : 〈α∨, χ1〉 = · · · = 〈α∨, χ6〉 = 0} = {α5, α6, . . . , αn−1}
in the case n ≥ 5, so that we add a circle around the vertex corresponding to α4.
We write the spherical roots as linear combinations of the characters χ1, . . . , χ6
(which, as V has trivial divisor class group, form a basis of the latticeM):
γ1 := α1 = 2ω1 − ω2 = χ1 − χ2 − χ4 + χ5,
γ2 := α2 = −ω1 + 2ω2 − ω3 = χ2 + χ3 − χ5,
γ3 := α3 = −ω2 + 2ω3 − ω4 = −χ1 − χ2 + χ4 + χ5 − χ6,
γ4 := α′1 = 2ω′1 − ω′2 = χ1 + χ4 − χ5,
γ5 := α′2 = −2ω′1 + 2ω′2 = −χ1 + χ2 − χ3 − χ4 + χ5.
Then the coefficient of χi in the expression for γj is νDi(fγj ), which is 〈ρ(Di), γj〉
if Di is (the closure of) a color and 〈νD6 , γj〉 with νD6 ∈ V for n = 4. We may
therefore assign the elements of Da to the circles as follows:
D+α1 := D
+
α′1
:= D1, D−α1 := D
−
α3
:= D−α′2 := D5,
D+α2 := D
+
α′2
:= D2, D−α2 := D3,
D+α3 := D
−
α′1
:= D4.
After joining the corresponding circles with lines, we have to check where arrows
have to be added to the circles above a vertex. We have
〈D+α2 , α1〉 = 〈D+α2 , α3〉 = 〈D+α′1 , α
′
2〉 = −1,
so that we add the appropriate arrows to the diagram. Finally, in the case n = 4 we
have 〈νD6 , γ3〉 = −1, so that the spherical root γ3 is marked, and hence we add the
symbol γ near the spherical root γ3, i. e. under the vertex corresponding to α3 = γ3.
Luna diagrams for the entries in the list L.
(1) SLn × C∗ y Vω1 ∼= Cn for n ≥ 2.q q q qe
(2) Sp2n × C∗ y Vω1 ∼= C2n for n ≥ 2.q q q q qpppppppppe
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(3) Spin2n+1 × C∗ y Vω1 ∼= C2n+1 for n ≥ 2.q q q q qppppp ppppeppp p pp p p pp p pp p p pp p pp p2
γ
(4) Spin2n × C∗ y Vω1 ∼= C2n for n ≥ 3.eppp p pp p p pp p pp p p pp p pp pq q q q q
q
 
@γ
(5) SLn × C∗ y V2ω1 ∼= S2(Cn) for n ≥ 2.q q q qe e e eγ
(6) SLn × C∗ y Vω2 ∼= Λ2(Cn) for n ≥ 5 odd.eppp p pp p p pp p pp p p pp p pp pq q q ep pp p pp p p pp p pp p p pp p pp pq q q ep pp p pp p p pp p pp p p pp p pp pq q qe
(7) SLn × C∗ y Vω2 ∼= Λ2(Cn) for n ≥ 6 even.eppp p pp p p pp p pp p p pp p pp pq q q ep pp p pp p p pp p pp p p pp p pp pq q q ep pp p pp p p pp p pp p p pp p pp pq q
γ
(8) SLn × SLn′ × C∗ y Vω1+ω′1 ∼= Cn ⊗ Cn
′ for n′ = n ≥ 2.
q qe qe qe eq qe qe qe eγ
(9) SLn × SLn′ × C∗ y Vω1+ω′1 ∼= Cn ⊗ Cn
′ for n′ > n ≥ 2.
q qe qe qe qe qe q qq qe qe qe e
(10) SL2 × Sp2n′ × C∗ y Vω1+ω′1 ∼= C2 ⊗ C2n
′ for n′ ≥ 2.
q q q q q q qpppppppppeppp p pp p p pp p pp p p pp p pp pe e
γ
(11) SL3 × Sp4 × C∗ y Vω1+ω′1 ∼= C3 ⊗ C4.
q q q qpppppppppee ee ee ee
(12) SL3 × Sp2n′ × C∗ y Vω1+ω′1 ∼= C3 ⊗ C2n
′ for n′ ≥ 3.
q q q qee ee ee ee q q q q qpppppppppeppp p pp p p pp p pp p p pp p pp p
(13) SL4 × Sp4 × C∗ y Vω1+ω′1 ∼= C4 ⊗ C4.
q q qee ee ee qee qeepppppppppγ
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(14) SLn × Sp4 × C∗ y Vω1+ω′1 ∼= Cn ⊗ C4 for n ≥ 5.
q q qee ee ee qee qeepppppppppqe q q q
(15) Spin7 × C∗ y Vω3 ∼= C8. q q qppppp pppp eppp p pp p p pp p pp p p pp p pp p
γ
(16) Spin9 × C∗ y Vω4 ∼= C16. q qe epppppppppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppppp pp pp pp pp pp pp pp pp pp pp pp pp pp pp ppp ppppppq qppppp pppp p pp p pp p p pp pp p pp pp pγ
(17) Spin10 × C∗ y Vω5 ∼= C16. q q q q
q
 
@ eppp p pp p p pp p pp p p pp p pp pe
(18) G2 × C∗ y Vω1 ∼= C7. q qpppppppppeppp p pp p p pp p pp p p pp p pp p2
γ
(19) E6 × C∗ y Vω1 ∼= C27. q q q q qqep pp p pp p p pp p pp p p p
p p pp p ep pp p pp p p pp p pp p p pp p pp p
γ
(20) Spin8 × (C∗)2 y Vω3 ⊕ Vω4 ∼= C8 ⊕ C8.q q q
q
 
@
e epppppppppp pppp pppp pppp pppppp pp pp pp eppppppppp pppp pppp pppp pppppp pp pp ppγγ
(21) SL2 × (C∗)2 y Vω1 ⊕ Vω1 ∼= C2 ⊕ C2.qeeγ
(22) SLn × (C∗)2 y Vω1 ⊕ Vω1 ∼= Cn ⊕ Cn for n ≥ 3.q qee qe q q
(23) SLn × (C∗)2 y Vω1 ⊕ Vωn−1 ∼= (Cn)⊕ (Cn)∗ for n ≥ 3.q q q qe epppppppppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppppp pp pp pp pp pp pp pp pp pp pp pp pp pp pp ppp ppppppγ
(24) SLn × (C∗)2 y Vω1 ⊕ Vω2 ∼= Cn ⊕ Λ2(Cn) for n ≥ 4.q qe epppppppppp pppp pppp pppppp pp pp ppp pppppp q qe epppppppppp pppp pppp pppppp pp pp ppp ppppppppppppppp pppppp ppp pppp pppppp ppp ppppp γ
(25) SLn × (C∗)2 y Vωn−1 ⊕ Vω2 ∼= (Cn)∗ ⊕ Λ2(Cn) for n ≥ 4 even.q qe epppppppppp pppp pppp pppppp pp pp ppp pppppp q qe epppppppppp pppp pppp pppppp pp pp ppp ppppppppppppppp pppppp ppp pppp pppppp ppp ppppp qeppppppppp pppp pppp pppppp pp pp ppp ppppppγ
(26) SLn × (C∗)2 y Vωn−1 ⊕ Vω2 ∼= (Cn)∗ ⊕ Λ2(Cn) for n ≥ 5 odd.q qe epppppppppp pppp pppp pppppp pp pp ppp pppppp q qe epppppppppp pppp pppp pppppp pp pp ppp ppppppppppppppp pppppp ppp pppp pppppp ppp ppppp qee
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(27) SLn× SLn′ × (C∗)2 y Vω1+ω′1 ⊕ Vω′1 ∼= (Cn⊗Cn
′)⊕Cn′ for 2 ≤ n < n′− 1.
qeeqee
q
qe
e
ee
q
qe
e
ee
q
qe
e
ee qee qe q q q
(28) SLn× SLn′ × (C∗)2 y Vω1+ω′1 ⊕ Vω′1 ∼= (Cn⊗Cn
′)⊕Cn′ for 2 ≤ n = n′− 1.
qeeqee
q
qe
e
ee
q
qe
e
ee
q
qe
e
ee qeeγ
(29) SLn × SLn′ × (C∗)2 y Vω1+ω′1 ⊕ Vω′1 ∼= (Cn ⊗ Cn
′)⊕ Cn′ for 2 ≤ n = n′.
qeeqee
q
qe
e
ee
q
qe
e
ee
q
qe
e
ee
γ
(30) SLn × SLn′ × (C∗)2 y Vω1+ω′1 ⊕ Vω′1 ∼= (Cn ⊗ Cn
′)⊕ Cn′ for n > n′ ≥ 2.
qeeqee
q
qe
e
ee
q
qe
e
ee
q
qe
e
ee
qe q q q
(31) SLn × SLn′ × (C∗)2 y Vω1+ω′1 ⊕ Vω′n−1 ∼= (Cn ⊗ Cn
′)⊕ (Cn′)∗
for 2 ≤ n < n′ − 1.
qeeqee
q
qe
e
ee
q
qe
e
ee
q
qe
e
ee q q q qe epppppppppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppp pppppp pp pp pp pp pp pp pp pp pp pp pp pp pp pp ppp pppppp
(32) SLn × SLn′ × (C∗)2 y Vω1+ω′1 ⊕ Vω′n−1 ∼= (Cn ⊗ Cn
′)⊕ (Cn′)∗
for 2 ≤ n = n′ − 1.
qeeqee
q
qe
e
ee
q
qe
e
ee
q
qe
e
ee qee
(33) SLn×SLn′× (C∗)2 y Vω1+ω′1⊕Vω′n−1 ∼= (Cn⊗Cn
′)⊕ (Cn′)∗ for 2 ≤ n = n′.
qeeqee
q
qe
e
ee
q
qe
e
ee
q
qe
e
ee
γ
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(34) SLn×SLn′× (C∗)2 y Vω1+ω′1⊕Vω′n−1 ∼= (Cn⊗Cn
′)⊕ (Cn′)∗ for n > n′ ≥ 2.
qeeqee
q
qe
e
ee
q
qe
e
ee
q
qe
e
ee
qe q q q
(35) SL2 × SL2 × SL2 × (C∗)2 y Vω1+ω′1 ⊕ Vω′1+ω′′1 ∼= (C2 ⊗ C2)⊕ (C2 ⊗ C2).
qee qee qeeγγ
(36) SLn × SL2 × SL2 × (C∗)2 y Vω1+ω′1 ⊕ Vω′1+ω′′1 ∼= (Cn ⊗ C2)⊕ (C2 ⊗ C2)
for n ≥ 3.
qee q q qe q qee qeeγ
(37) SLn × SL2 × SLn′′ × (C∗)2 y Vω1+ω′1 ⊕ Vω′1+ω′′1 ∼= (Cn ⊗ C2)⊕ (C2 ⊕ Cn
′′)
for n ≥ n′′ ≥ 3
qee q q qe q qee qee qe q q q
(38) Sp2n × (C∗)2 y Vω1 ⊕ Vω1 ∼= C2n ⊕ C2n for n ≥ 2.q q q q q qpppppppppeppp p pp p p pp p pp p p pp p pp pee γ
(39) Sp2n × SL2 × (C∗)2 y Vω1+ω′1 ⊕ Vω′1 ∼= (C2n ⊗ C2)⊕ C2 for n ≥ 2.
qee q q q q qpppppppppeppp p pp p p pp p pp p p pp p pp p qeeγ
(40) Sp2n × SL2 × SL2 × (C∗)2 y Vω1+ω′1 ⊕ Vω′1+ω′′1 ∼= (C2n ⊗ C2)⊕ (C2 ⊗ C2)
for n ≥ 2.
qee q q q q qpppppppppeppp p pp p p pp p pp p p pp p pp p qee qeeγ γ
(41) Sp2n× SL2× SLn′′ × (C∗)2 y Vω1+ω′1 ⊕Vω′1+ω′′1 ∼= (C2n⊗C2)⊕ (C2⊗Cn
′′)
for n ≥ 2 and n′′ ≥ 3.
qee q q q q qpppppppppeppp p pp p p pp p pp p p pp p pp p qee qee qe q q qγ
(42) Sp2n×SL2×Sp2n′′× (C∗)2 y Vω1+ω′1⊕Vω′1+ω′′1 ∼= (C2n⊗C2)⊕ (C2⊗C2n
′′)
for n, n′′ ≥ 2.
qee q q q q qpppppppppeppp p pp p p pp p pp p p pp p pp p qee qee q q q q qpppppppppeppp p pp p p pp p pp p p pp p pp pγ γ
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3. Proof of Theorem 1.2
Let G/H be a spherical homogeneous space with corresponding homogeneous
spherical datum S := (M,Σ, Sp,Da) and let G/H ↪→ X be a simple spherical
embedding with corresponding colored cone (C,F). We use the notation from the
introduction.
We apply the local structure theorem for spherical varieties (see [Tim11, Theo-
rem 15.17]). Set
X0 := X \
⋃
D∈D\F
D,
let P := PSF ⊆ G be the parabolic subgroup corresponding to SF , and let P = LnPu
be its Levi decomposition. Then there exists an L-invariant closed subvariety Z ⊆ X0
such that we have natural P -equivariant isomorphisms
Pu × Z ∼= P ∗L Z ∼= X0.
Moreover, Z is an affine spherical L-variety. Let SZ := (MZ ,ΣZ , SpZ ,DaZ) be the
homogeneous spherical datum of the open L-orbit in Z, and let DZ be its set of
colors. The spherical variety Z is simple, and we denote by (CZ ,FZ) the colored
cone corresponding to it. We haveMZ =M, CZ = C, and FZ = DZ .
Also recall from the local structure theorem that the closed L-orbit in Z is fixed
pointwise by the derived subgroup [L,L], so that Z ∼= L ∗L′ Z ′ where L′ is a closed
subgroup of L containing [L,L] and Z ′ is an affine L′-variety with a fixed point,
spherical under (L′)◦.
Let S∗ := (M,Σ∗, Sp∗ ,Da∗) be the localization of S at SF , and write D∗ for
the abstract set of colors determined by S∗ together with the associated map
ρ∗ : D∗ → N . Our first aim is to show SZ = S∗. The following two results are
adapted from the work of Camus.
Lemma 3.1 ([Cam01, Lemme 5.2]). Let H1, H2 ⊆ G be spherical subgroups such
that H1 ⊆ H2 and the natural map G/H1 → G/H2 induces a bijection of colors.
Then H1 and H2 have the same spherical closure, i.e. H1 = H2.
As pointed out in [Avd13, Remark 4], there is a mistake in [Bri, Théorème 4.3(iii)],
which is used in the proof of [Cam01, Lemme 5.2]. Nevertheless, Lemma 3.1 is
correct and follows directly from [BL11, Lemma 2.4.2].
Proposition 3.2. We have SZ = S∗.
Proof. First, we show SZ = S∗ by reproducing the second part of the proof
of [Cam01, Proposition 6.1]. According to [Kno96, Corollary 7.6], the unique
complete simple toroidal embedding G/H ↪→ Y is smooth, i. e. Y is a wonderful
variety. We have a rational map X 99K Y . Let Y∗ be the localization of Y at
P (see [BL11, 1.1.4] or [Tim11, 30.9]). Then the spherical system of Y∗ is S∗
(see [BL11, Proposition 1.2.3]). We obtain the following diagram.
Z 
 j // X // Y
pi // // Y∗
L/H1 // //
?
OO
L/H2
?
OO
As Z meets the open P -orbit in X and the open P -orbit in Y is sent to the
open L-orbit in Y∗, the top row defines a dominant L-equivariant rational map
Z 99K Y∗, which hence induces the map of open L-orbits in the bottom row. As j
(resp. pi) induces a bijection between the colors in Z (resp. in Y∗) and the P -unstable
colors in X (resp. in Y ), the open L-orbits L/H1 in Z and L/H2 in Y∗ satisfy the
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assumptions of Lemma 3.1, which yields SZ = S∗. Since we haveMZ =M, we
obtain SZ = S∗. 
From now on, we will assume that X (and hence Z) is locally factorial. As
condition (1) of Theorem 1.2 is just the characterization of local factoriality, the
following result will conclude the proof of Theorem 1.2.
Proposition 3.3. Z is smooth if and only if the following conditions are satisfied:
(1) Every indecomposable component of S∗ which contains a color appears in
the list L.
(2) Let γ1, . . . , γr be the spherical roots of S∗ which correspond to the marked
spherical roots in the list L. We denote by U ⊆ N the set of primitive
generators of the rays in the set C(1) \ Q≥0ρ∗(D∗). There exist pairwise
distinct elements u1, . . . , ur ∈ U such that for every 1 ≤ i ≤ r we have
〈ui, γi〉 = −1 and 〈u, γi〉 = 0 for u ∈ U \ {ui}. If γ is any other spherical
root, we have 〈u, γ〉 = 0 for every u ∈ U .
Proof. “⇒”: It is not harmful to replace L with the finite cover [L,L]×R(L) where
R(L) denotes the radical of L. Then L′ = [L,L] × C for some closed subgroup
C ⊆ R(L). Recall that we have Z ∼= L ∗L′ Z ′. As Z is smooth, it follows from
the étale slice theorem of Luna (see [Lun73]) that Z ′ is isomorphic to a spherical
(L′)◦-module V , on which L′ acts linearly.
The following arguments are taken from [Cam01, 6.2]. As C acts on V via
characters, the L′-action on V may be extended to an L-action, yielding an L-
equivariant isomorphism L ∗L′ Z ′ ∼= L/L′ × V . As the projection
pi : Z ∼= L ∗L′ Z ′ ∼= L/L′ × V → V
induces a bijection of B ∩ L-invariant (resp. L-invariant) prime divisors, it follows
from Lemma 3.1 and from
νpi−1(W )(pi∗fγ) = νW (fγ) for any L-invariant prime divisor W ⊆ V and γ ∈ Σ∗
that conditions (1) and (2) respectively are not affected by passing from Z to V .
Let V = V1 ⊕ · · · ⊕ Vk be the decomposition into irreducible L-modules. Then
V is also a spherical [L,L]× (C∗)k-module. It follows from [Lea98, Section 7] that
replacing R(L) with (C∗)k does not change whether conditions (1) and (2) are
satisfied.
“⇐”: As conditions (1) and (2) are satisfied, there exists a spherical L-module
V such that the spherical closure of the homogeneous spherical datum of its open
L-orbit is S∗, and there is a bijection
Ψ: {L-invariant prime divisors in V } → U
such that νW (fγ) = 〈Ψ(W ), γ〉 for every L-invariant prime divisor W ⊆ V and
γ ∈ Σ∗. We denote by VV the valuation cone of the open L-orbit in V in the
corresponding vector space NV,Q := NV ⊗Z Q and by (CV ,FV ) the colored cone of
the simple embedding V . We choose rays σ1, . . . , σl ⊆ VV not meeting CV such that
cone(CV , σ1, . . . , σl) = NV,Q. These rays correspond to L-orbits of codimension 1,
which can be added to V resulting in a smooth variety Vc such that Γ(Vc,OVc) = C.
We may identify D∗ with the set of colors in the open L-orbit in V and write
ρV : D∗ → NV for the associated map. As V is locally factorial, we may define an
inclusion j : NV,Q ↪→ NQ sending νW 7→ Ψ(W ) for every L-invariant prime divisor
W ⊆ V and ρV (D) 7→ ρ∗(D) for every D ∈ D∗.
We set `V∗ := −V∗ ∩ V∗ where V∗ ⊆ NQ is the valuation cone of the open
L-orbit in Z. As spanQ(C ∪ `V∗) ⊇ spanQ(ρ∗(D∗) ∪ `V∗) = NQ, we can choose
rays ρ1, . . . , ρk ⊆ `V such that cone(C, j(σ1), . . . , j(σl), ρ1, . . . , ρk) = NQ. The rays
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j(σ1), . . . , j(σl), ρ1, . . . , ρk correspond to L-orbits of codimension 1, which can be
added to Z resulting in a locally factorial variety Zc (smooth if and only if Z is so)
such that Γ(Zc,OZc) = C.
For the Cox rings R(Zc) and R(Vc) we have R(Zc) ∼= R(Vc)[T1, . . . , Tk] according
to [Bri07, 4.3.2] (where actually an equivariant version of the Cox ring is considered,
but the result also holds for the standard Cox ring, see [Gag14, Remark 5.4]).
There are open subsets UZ ⊆ Spec(R(Zc)) and UV ⊆ Spec(R(Vc)) with com-
plements of codimension at least 2 such that there are good geometric quotients
piZ : UZ → Zc and piV : UV → Vc (see [ADHL15, Construction 1.6.3.1]).
The coordinate ring of the affine variety pi−1Z (Z) (resp. pi
−1
V (V )) is the local-
ization of R(Zc) (resp. of R(Vc)) where the elements corresponding to the (L-
invariant) prime divisors in Zc (resp. in Vc) not contained in Z (resp. in V )
are inverted (see [ADHL15, Proposition 1.5.2.4]), so that we obtain C[pi−1Z (Z)] ∼=
C[pi−1V (V )][T
±1
1 , . . . , T
±1
k ], which implies pi
−1
Z (Z) ∼= pi−1V (V )× (C∗)k.
In particular, pi−1Z (Z) is smooth if and only if pi
−1
V (V ) is smooth. It follows from
the étale slice theorem of Luna that this is equivalent to Z and V being smooth
respectively since the local factoriality of Z (resp. of V ) implies that the isotropy
groups for the quotient piZ (resp. piV ) are trivial (see [ADHL15, Corollary 1.6.2.7]).
In particular, the smoothness of Z follows from the smoothness of V . 
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